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Abstract

In a preceding paper [Giacovazzo & Siligi (1996). Acta
Cryst. A52, 133-142], the joint probability distribution
of seven pairs of isomorphous structure factors was
derived. Its complicated mathematical expressions are
here simplified by introducing the assumption that
isomorphism is due to heavy-atom addition to the
native structure. The reliability of the conclusive
formula for calculated error-free data perfectly agrees
with expectations. The formula, however, is not robust
against lack of isomorphism and errors in measure-
ments: in the paper, theoretical reasons are given
justifying this behaviour. The use of the prior informa-
tion on the heavy-atom structure markedly improves the
formula, which then proves suitable for practical
applications.

1. Symbols and notation

The notation is that used in the paper by Giacovazzo &
Siligi (1996) (from now on denoted as paper I).

2. Introduction
In paper I, the joint probability distribution function

Py, ....¢5, %, ..., ¥, R, ..., RS, ..., 8) (1)

has been derived [see equation (I.18)]. From (1), the
conditional probability

P(®@Ry,...,R;,S,,....8)), )

where

P=¢+¢,+ ¢+ ¢,

may be obtained as follows.
(a) The marginal distribution

P(dy,....¢045R,....R;, S, ..., S7)
is obtained by integrating (1) over the ten variables

. ¢5’ ¢6# ¢7’ Yiseuns W7-
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Table 1. Code name, space group and crystallochemical
data for test structures

Molecular

Structure code  Reference Space group formula z

APP (¢))] C2 Ci90N5305Zn 4
CARP 2) C2 Cs13N13,0,2Ca, S 4
E2 3 F432 Ci170N3100366S; 96
M-FABP 4) P2,2,2, Ces1N1700261S3 4

References: (1) Glover, Haneef, Pitts, Wood, Moss, Tickle & Blundell
(1983); (2) Kretsinger & Nockolds (1973); (3) Mattevi, Obmolova,
Schulze, Kalk, Wesphal, De Kok & Hol (1992); (4) Zanotti, Scapin,
Spadon, Veerkamp & Sacchettini (1992).

(b) The conditional distribution

P@1..... ¢4y, ..., Ry, Sy, ..., S5)
=P(@,.... 045 R, ...,R:, S, ..., S)

27 2r
x [f...fP(¢1,...,¢4,Rl,...,R7,Sl,...,S7)
0

0

-1
do, ... d¢4] 3)

is calculated.
(c) The distribution (3) is integrated over ¢, ¢,, ¢5, @,
under the condition that

¢+ +dy+ ¢, =

The calculations may be performed via the formulas
quoted in Appendix A of paper 1. However, the
conclusive distribution turns out to be too complicated
for most routine applications. We prefer to derive a
simpler result by introducing the following basic
assumption: the derivative structure is obtained by
addition of heavy atoms to the basic structure. This is
the classical case of isomorphism between the native
protein and its heavy-atom derivative. We will show that
in this situation the joint probability distribution (I.18)
will become useful and will reveal the characteristic
features to be exploited in practical applications. The
experimental diffraction data of some proteins and their
derivatives will be used to check the mathematical

Acta Crystallographica Section A
ISSN 0108-7673 ©1996



144

approach and the final probabilistic formulas. The code
names, the space group and the crystallochemical data of
the test structures are given in Table 1, the relevant
parameters of the diffraction data are shown in Table 2.

3. A simplified P, distribution

For a native-protein—heavy-atom-derivative case, the
following relations can be used for making the distribu-
tion (I.18) simpler [see Giacovazzo, Cascarano & Zheng
(1988), hereafter GCZ, for the triplet parameters].

o= [02],1;/2/ [0'2]‘11/2

(1—a}) =[o3lu/l03)s

o /(1 —af) = [GZ]p/[GZ]H

/(1 — 2) = [0211/2[02]1/2/[02]11

Yl = Yialoy = valo = yi/oaey = vii/ouey
=Yl =V =Y, = [0‘3/0‘3/2],,

Vi = {[‘73/ 3/2],; +[03/05 141031 /Lo 3/2],; o

ﬂijl = [‘73/ 2 ]p [os/0: B/Z]H[ 3/2]19/ [o 3/2]H

»87,‘1/ (ajal) = ijl/ (o) = iﬂ/ (aiaj) = _ﬂiﬁ/ ;
= Byji/o; = =B/ = Bji
Biji = a0/ "1y l0y oy "1, 1(1 — a1 — o)
x (1-¢o )]_ [03/03/2]11 [03/2]d/[03/2]H
Vizsa = [04/‘7511,
Y1233/ = V123403 = ... = Y1233/ 030,
= Vi33a/ 0y = ... = Vi3 /@003 = Vigs

Y33 = {[04/'-"%],1 + [04/U§]H[02]121[02];2 }0‘10‘20‘30‘4

Bizzs = [04/‘7%],, + [04/03)y [02],2,[02152

—Bra3a/ (01 003) = — B34 /(01 000ty) = — B354/ (@) 5025)
= ... = Biza/(@:0ty) = Birza/(20)
= —PBizsa/ = Bizs
1234 = [‘74/‘7%]11 [0'2];[‘72]1_12(“1“2“3“4)_1
By = l:[ Viavai(1 — 0f — o — ... + ajessad)
[03/03’21p

A 2 2
By = H ViaiVaaldy — g —osoy + ...+ aja, + ...
i=1

2.2 2 N _
+ ajosos0,) =0

Biz; = 0.

In the following, we will always neglect [0, /0‘3/ 2]p
with respect to [o3 /0‘2 ],, and [o3 /04], with respect to
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Table 2. Relevant parameters for diffraction data of test

Sstructures
Structure Native Derivative
code RES(A) NREFL Heavyatom [0,]y/0,], RES (A) NREFL
APP 099 17058 Hg 0.46 2.0 2086
CARP 1.70 5056 Hg 0.09 2.0 4687
E2 3.00 10388 Hg 0.08 3.0 9179
M-FABP 2.14 7595 Hg 0.06 3.0 7125

[03/0,],- Furthermore, from Appendix A, the following
simplifications can be derived:

(a) B,y is negligible with respect to B,,;,;, which
may be approximated to

By a2[0'3 /03/2]H [02),/[02]n-

(b) Bmod(l) ~ Bmod(Z)

are negligible when compared

) 12341 12341
with Byy,;. 4 40

(©) B 53 B1ny 45 ) By 4( ) are negligible with respect to
B 33 etc.

In conclusion, we can approximate (I.18) by the
expression

1:[ ((1/7)R,S:/(1 — e exp{—[1/(1 — &)
X [Rzz + Si2 — 2a;R;S; cos(Y; — ¢i)]})
X {1 + Zl[zﬂileiRle cos(¢; + ¢; + &)
Ly
+ 2B SRR, cos(y; + ¢ + @)
+2B;R:S;R, cos(¢; + ¥, + &)
+ 2B;5R:R;S, cos(¢; + ¢; + ¥))
+ 2B;1R;:S;S; cos(@; + ¥, + ¥)
+ 28;1S:R;S  cos(y; + ¢ + ¥)
+ 2B S8R, cos(¢; + ¥, + ¢)
+ 285888, cos(¥; + ¥ + ¥)] +2(BUI + By,

+B; +B; ,+B,,,+B,,,+B ,+B-—-)

i

+ 2R R,R:R, [.31234 + ié;(l - d?)_leﬁLF]
X cos(¢; + ¢, + 3 + @)

+ 2R\R,R;S, [51233 + Iz:;(] = “?)_131233711?]
x COS(@; + B + by + Wa) + ... + 28,5,555,
x [ﬁiiii + é(l - a?)‘lBiiéz:L;]

xcos(¥; + v, +¥3 + 1#4)}- 4)

Equation (4) is our basic distribution: it represents a good
approximation of the more complicated distribution
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(1.18) when we deal with a native protein and a heavy-
atom derivative.

4. The quartet distribution

We integrate over ten variables ¢s, ¢, ¢, wl, ..., ¥, in
order to obtain, according to (3), the conditional

distribution
P(¢l? ¢2! ¢3v ¢4|R1’

~Q! (1 + > By +Bj + B

ijl

U - S N )

+Bij; +B;;1+ By + By +B;ﬁ)
7 -
+ {2R1R2R3R4 [.31234 + Z;(l —af) 312347(14?):\
i=!

7
+ 2R, RyR;S, [ﬂmi + ;(1 - 0‘:'2)—1312337([47)] Dy,

X D11D12D13D14} cos(¢, + ¢, +é; + ¢4)) )

where Q7! is a suitable scale factor,

Dy; = L[2aR;S;/(1 — o]}/ L[R2aR;S/(1 — )]
and

(L) =1 —o})7'[S? + oR? — 2a,RS,D,] - 1.
Then,

P(®RR,,...,R;,S,,...,S5)
~ [27l,(A)]”" exp(A cos D), 6)
where
A=T/(1+B), @)

7
T =2R\Ry)R;R, [ﬂ1234 + 2;(1 - 0‘?)_131234E(L§>]

7
+ 2R,R,R;S, [ﬁm& + ;(1 - a,?)_13123;;(L;)] Dy,

x Dy1D;D13Dyy, 3

B=1+ Zjl(B,.j, + B3 +Bj; + By
L,

+ Bi]’i + B}ﬂ + B;}, + B;ﬁ). )
The mathematical implications concerning the passage
from the linear expression (5) to the exponential
expression (6) are exactly those described by Giacovazzo
(1976) for the quartet invariant estimate in the absence of
derivative data.
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The distribution (6) assumes a particularly attractive
form if a variable change is made. We replace in (6)
R,S;, fori=1,...,7
by
Ri=F,/%}* and S;=F,/Z},

which are pseudo-normalized (with respect to the heavy-
atom structure) structure factors. Accordingly,

R = Rloli*/lo,)%,  S; = Siloalif* /oyl

Then, (6) still holds, and its parameters may be rewritten
in a simple form:

A = [2418,4,4,/(1 + B){[oy /3]y
+[o3/0 P ULY) + (L) + (L5, (10)
where
A; = S;Dli - Rf
(L) = (57 +R? — 2R;S;D;) — 1
D,u‘ =1, (ZRI'S.{)/IO(ZR;S;)
B’ =30, /a3 T (LI (L) + (L)L) (L)
F (LLNLE) + L) LEYLE) + (L)L) (L)
+ (L)L) (L)),

The reliability parameter A of the quartet phase @ now
has a simpler expression and may be conveniently
studied.

5. About the main features of the quartet formula

Let us consider the quartet formula derived by
Giacovazzo (1976, 1980) for the case in which derivative
data are not available. Then,

P(®) = [2nl,(A) "] exp{A cos @},
where
A = [2R,\R,R;R, /(1 + B)l{o, /0% + (‘73/03/2)2
X (&5 + & + €7)},
g=IR|*—1,
B =1[03/03T(€,8:85 + £38,85 + £,6386 + £,6486
+ £18487 + £,6387).

(10)

B is a positive scaling factor; it is assumed B =0 if
B <0.

Equation (10) has a mathematical form similar to (10'):
thus, the well known features of (10’) may be used to
describe the role of (10). Examples are given below.

(a) In (10), we will set B =0 if B’ < 0.

(b) If the heavy atoms are of the same type, (10) may
be replaced by
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A = (2/N,)[A14,4,4,/(1 + B)]
x {1+ [(Lg) + (Lp) + (LA},
where
B = (1/2N, LY L) (L) + . .. + L L]

and N, is the number of heavy atoms in the primitive
unit cell.

(c) If some of the cross terms are unknown, then
suitable marginal distributions should be calculated.
The final result is: if the pairs (R5, S5) and/or (R, S¢)
and/or (R5, S7) are not among the measured data, then A
may be updated by omitting in (10) the terms (L’g) and/or
(L) and/or (L7).

(a) if (L’g), (L'E), (L’7) are large enough, the sign of
the quartet will probably coincide with the sign of the
product A]AALA;. An extreme situation is that for
which |A;| and R}S], for i = 5, 6, 7, are large. Then,

Ly~ A7 -1
and (10) assumes the more familiar expression
A=A M08,/ + B){low/03ly + [03/07" Ty
x [(43 = 1) +(A¢ = D+ (47 = D]},
where
B =4os/0; "Tal(AT - 1)(47 — 1)(4F - 1)
+(47 - 1(A8 = 1)(47 - 1)
+ (A7 — 147 — 1047 - 1)
+(47 — 1047 - 1)(ag - 1)
+ (A7 = 1)(AF - 1)(47 - 1)
+(47 = 1)(47 — 147 - 1))

It should be noted that positive values of (AZ — 1)+
(AZ — 1)+ (A% — 1) do not select positive quartets
because the sign of the quartet cosine is expected to
coincide with the sign of A]1A,ALA].

(e) If (L’g), (L’E), (L%) assume highly negative
values, then the quartet is expected to have cosine sign
opposite to that of the product AjA,A5A). A typical
case is that for which R;S;, for i =5, 6,7, is large and
| Al is small. In this case, again,

(L) = A? -1 fori=35,6,7.

(11

(f) We will refer to the quartets described in (d) as
large-cross quartets; the quartets described in (e) will be
called small-cross quartets. The first provide information
strictly correlated with that supplied by the triplets (as
estimated by GCZ). For example, let us suppose that

Pr=¢+¢,+¢s and Py, =¢;+ ¢, — ¢s

are two triplets characterized by large values of
|A1A5A5] and |AZALAS), respectively. Let SIGN(1)

INTEGRATING DIRECT METHODS AND ISOMORPHOUS REPLACEMENT. II

and SIGN(2) be the signs of AjA,AS and AjA, AL,
respectively. The cosine sign of the quartet

=&, +Ppr, =+ + ¢35+,

is expected to have the same sign of SIGN(1) x SIGN(2),
which coincides with the sign of A]A,A5A,. Thus, the
combination of the triplet estimates supply a quartet
estimate coincident with that provided by (11). On the
contrary, small-cross quartets provide information statis-
tically independent of that provided by the triplets.
Indeed: (i) triplets with small |A| values are usually not
used in the phasing process (Giacovazzo, Siliqi & Platas,
1995) because they are highly unreliable; (ii) the phase
indications provided by the small-cross quartets are
expected to be opposite to those provided by the triplets
if these were used in the phasing process.

6. Check of the probabilistic formulas by calculated
diffraction data

Let us first consider the role of (10') in direct procedures
applied to small molecules. It has been found (Burla,
Cascarano & Giacovazzo, 1992; Giacovazzo, Burla &
Cascarano, 1992) that: (a) the reliability of the quartets
estimated positive by (10') is nearly equal to the triplet
reliability. However, such quartets carry into the phasing
process information strictly correlated with the triplet
information. The combined use of the positive quartets
and of the triplets was therefore not advised; (b) the
reliability of the quartets estimated negative by (10') is
remarkably smaller than the triplet reliability; further-
more, the number of reliable negative -quartets is in
general smaller than the corresponding number of
reliable triplets. However, they carry into the phasing
procedure an important amount of information uncorre-
lated with the information supplied by the triplets. The
combined use of the triplets and negative quartets was
strongly advised, and often makes the difference between
success and failure.

The above observations suggest the following conclu-
sions about the role of (10): (a) the large-cross quartets
are expected to be as reliable as triplets, but their use is
not advised in the phasing process. For the sake of
brevity, we do not check the formula (10) on this type of
quartet; (b) the small-cross quartets are expected to be
less reliable than the triplets but their combined use with
triplet relationships in the phasing process may be
advisable. Thus, we will focus our tests on the small-
cross quartets alone. They are generated as the sum of
two psi-zero triplets by means of the program recently
described by Giacovazzo, Siligi & Platas (1995). Triplets
are found by combining two of the about 800 reflections
with the largest values of |A’|, with one reflection chosen
among those having |A’| < 0.3.

We apply (10) to calculated data in order to check its
efficiency in case of perfect isomorphism and in the
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Table 3. APP: statistical calculations for small-cross
quartet and triplet invariants

Calculated error-free data for native and derivative structures are used.
For the quartets, the reliability parameters A and A, as given by (10) and
(16) are employed; for the triplet estimation, the GCZ formula is used.
NR is the number of phase relationships having |A| or |A.| larger than
ARG, % is the percentage of phase relationships whose cosine sign is
correctly estimated and (J&|°) is the average of the absolute values of
the triplet or quartet phase .

Positive quartet
[equation (10)]

Negative quartet
[equation (10)]

ARG NR % (|®°]) NR % (|®°)
04 9615 740 62 10385 72.0 115
08 7994 751 62 8292 732 116
1.6 2280 830 53 2426 799 124
32 1215 90.7 45 11238 89.5 135
5.5 5 1000 30 3 1000 134
9.0 - - - - - -

Positive triplets Negative triplets
(GCZ) (GCZ)

ARG NR % (|o°) NR % (|®°})
1.6 28923 763 60 21077 755 120
32 15655 797 55 8583 83.2 129
55 5026 879 46 2167 924 140
9.0 684 982 30 218 100.0 155

Positive quartet Negative quartet

[equation (16)] [equation (16)]
ARG NR % (|®°)) NR % (o]
1.6 9483 79.1 57 10517 77.1 121
32 3403 832 52 3626 804 125
5.5 850 90.7 46 946 89.7 134
9.0 34 1000 24 39 100.0 152

Table 4. CARP: statistical calculations for small-cross
quartet and triplet invariants

See Table 3 for the description of the protocol used for the calculations.

Positive quartet
[equation (10)]

Negative quartet
[equation (10)]

ARG NR % {|1P°]) NR % {|P°])
02 2569 364 105 2512 355 74
0.4 297 111 135 294 99 4
0.8 1 00 110 2 00 46

Positive triplets Negative triplets

(GCZ) (GCZ)

ARG NR % (|®°)) NR % (@°|)
04 16963 913 42 12511 904 137
0.8 10537 952 37 4152 97.8 145
1.6 181 1000 17 31000 177

Positive quartet Negative quartet

[equation (16)] [equation (16)]
ARG NR % (|P°]) NR % (|P°))
0.2 10147 982 32 9853 97.8 147
04 4885 981 34 4813 976 147
0.8 2 100.0 8 4 100.0 169

absence of experimental errors in the measurements.
Since triplet and quartet relationships could co-work in
the phasing process, it is also useful to compare triplet (as
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Table 5. E2: statistical calculations for small-cross
quartet and triplet-invariants

See Table 3 for the description of the protocol used for the calculations.

Positive quartet
[equation (10)]
ARG NR % (|P°])
0.2 10009 648 73
04 2743 680 69
0.8 92 783 51

Positive triplets
(GCZ)
ARG NR % ({(|9°)

1.2 25208 892 44
20 2313 953 35
2.6 303 990 30

Positive quartet

[equation (16)]
ARG NR % {[P°])
0.4 10048 79.1 57
0.8 1901 89.1 45
1.2 258 97.7 31
1.6 33 1000 25

Negative quartet
[equation (10)]

NR % (|9°])
9991 65.8 108
2639 69.2 113

72 764 124

Negative triplets

(GCZ)
NR % (1¢°)

22078 89.4 136
1933 953 145
286 98.6 152

Negative quartet
[equation (16)]
NR % (|9°)
9952 80.1 125
1845 90.5 136

242 926 145
20 1000 173

Table 6. M-FABP: statistical calculations for small-cross
quartet and triplet invariants

See Table 3 for the description of the protocol used for the calculations.

Positive quartet
[equation (10)]
ARG NR % (|1P°])

02 2339 637 72

0.4 375 643 69
0.8 9 444 84

Positive triplets
(GC2)
ARG NR % (|P°])

04 21132 962 32
1.2 8086 989 28
2.0 968 100.0 20

Positive quartet

[equation (16)]
ARG NR % {|P°))
0.2 9981 974 30
04 781 982 29
0.8 1956 998 23
1.2 95 1000 17

Negative quartet
[equation (10)]
NR % (o°])

2414 65.1 109
369 669 112
7 429 69

Negative triplets
(GC2)
NR % (|9°)

16691 96.5 146
4818 98.7 152
551 100.0 160

Negative quartet
[equation (16)]
NR % (19°)

10019 97.4 150
7825 98.0 151
2033 999 156

112 100.0 163

estimated by GCZ) and quartet reliability. The results are
shown in Tables 3—6. We observe the following.

(a) In accordance with our definition of small-cross
quartets, we omit from the tables all the quartets for

which

l04/03)y + Xlo,/05 1 X (L) + (Lg) + (L5)] > 0.

The number of small-cross quartets turns out to be
markedly smaller than the number of large-cross quartets.
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Table 7. APP: statistical calculations for small-cross
quartet and triplet invariants

Experimental data for native and derivative structures are used. For the
description of the protocol used for the calculations, see Table 3.

Positive quartet Negative quartet

[equation (10)] [equation (10)]

ARG NR % (|9°)) NR % (¢°)
08 9783 399 102 10217 409 80
1.6 5407 37.1 105 5856 390 77
32 812 307 113 1040 365 74
5.5 44 409 106 74 405 78
9.0 2 50.0 74 5 400 82

Positive triplets Negative triplets
(GCZ) (GCZ)

ARG NR % (|¢°)) NR % (9°)
1.6 7725 759 61 5420 733 118
32 3720 799 56 1880 76.8 121
5.5 612 859 48 226 765 125
9.0 39 949 36 2 1000 180

Positive quartet Negative quartet
[equation (16)] [equation (16)]

ARG NR % (|°]) NR % (|9°)
1.6 3075 685 69 3391 689 112
32 1400 709 66 1497 721 116
5.5 458 745 61 498 76.5 120
9.0 91 90.1 48 92 826 127

Table 8. CARP: statistical calculations for small-cross
quartet and triplet invariants

Experimental data for native and derivative structures are used. For the
description of the protocol used for the calculations, see Table 3.

Positive quartet Negative quartet

[equation (10)] [equation (10)]

ARG NR % (|9°]) NR % (®°])
0.2 4292 413 100 4192 403 79
08 1013 372 104 999 397 78
1.6 135 274 116 116 405 75
2.6 23 304 122 18 389 82

Positive triplets Negative triplets
(GCZ) (GCZ)

ARG NR % (|9°]) NR % (19°])
1.6 14429 746 61 12458 736 117
32 4360 743 61 3361 723 116
55 322 742 61 251 63.7 108

Positive quartet Negative quartet
[equation (16)] [equation (16)]

ARG NR % (|9°]) NR % (|®°)
12 8034 670 70 8032 66.0 108
20 3739 681 69 3624 66.5 109
32 1235 702 69 1161 68.1 112
5.5 183 710 69 163 60.1 106

(b) The reliability of the small-cross quartets is inferior
to the triplet reliability. Their number is often markedly
smaller than the number of triplets, in agreement with our
expectations.

(c) For CARP, the small-cross quartets completely fail:
the number of cosine signs incorrectly estimated is larger

INTEGRATING DIRECT METHODS AND ISOMORPHOUS REPLACEMENT. I

Table 9. E2: statistical calculations for small-cross
quartet and triplet invariants

Experimental data for native and derivative structures are used. For the
description of the protocol used for the calculations, see Table 3.

Positive quartet
[equation (10)]

Negative quartet
[equation (10)]

ARG NR % (I9°]) NR % (I9°])
0.2 606 553 84 624 511 92
04 46 56.5 80 64 594 103
0.8 1 00 175 - - -

Positive triplets Negative triplets
(GCZ) (GCZ)

ARG NR % (|9°]) NR % (9%
08 25380 738 62 22057 73.6 117
12 5032 800 55 3819 799 125
1.6 805 855 49 624 86 131

Positive quartet
[equation (16)]

Negative quartet
[equation (16)]

ARG NR % (19D NR % (|®°])
02 10012 614 77 9988 61.0 103
04 2331 662 71 2265 67.8 110
0.8 83 %04 43 91 802 123

than the number of the correct ones. This cannot be
understood if we do not pay attention to the assumptions
that implicitly allow one to obtain (5) from (4).

7. About the use of the prior information on the
heavy-atom positions

The marginal distribution
P(¢1, f2. b3 DalRy, .., 81,0 S5)

[see (5)] was obtained in the absence of any prior
information by integrating the distribution

P@y,....¢05, %1, ..., ¥5IRy, ... ,R;, S ..., S7) (12)

over the ten variables ¢s, ¢, @7, ¥y, ..., ¥;. Such a
mathematical operation can be described in a qualitative
way as follows. Since (Hauptman, 1982)

(cos(¢; — ¥)) = Dy; = Dy, (13)
the integration over Vs, ¥, ¥, is equivalent to replacing
cos(¢, + ¢, + ¢; + ¥,) by its expected value
D cos(¢y + ¢, + ¢5 + ¢bs)

cos(¥r, + ¥, + ¥ + ¥,) by its expected value
DD D cos(@y + ¢y + 3 + By).

The reliability of (13) varies according to the value of
2R;S;; indeed,

var[cos(¢; — V)] =5+ 3D — Dllzi’

where D), = L(2R}S])/I,(2R}S]). For large values of
(2R}S]), the experimental value of cos(¢; — ;) is
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Table 10. M-FABP: statistical calculations for small-
cross quartet and triplet invariants

Experimental data for native and derivative structures are used. For the
description of the protocol used for the calculations, see Table 3.

Positive quartet Negative quartet

[equation (10)] [equation (10)]

ARG NR % ({|®°]) NR % (9°)
0.4 10096 473 93 9904 485 88
0.8 3387 481 92 3361 486 88
1.6 519 505 91 538 494 89
32 30 500 86 23 69.6 100

Positive triplets Negative triplets
(GCZ) (GCZ)

ARG NR % (|®°]) NR % ({|®°])
12 13364 647 73 11656 61.8 104
20 8116 664 71 6536 632 105
32 1718 698 67 1381 63.1 107
44 314 713 64 239 632 105

Positive quartet
[equation (16)]

Negative quartet
[equation (16)]

ARG NR % (9°)) NR % (|®9°)

04 9909 527 87 10091 52.7 93

12 4300 532 86 4556 54.2 95

2.0 979 543 85 988 529 93

3.2 165 49.7 89 175 49.7 89

4.4 62 51.6 82 54 519 85
expected to be close to Dj; so that the reliability

parameter (10) will result in a useful discriminator. This
may not occur if (2R}S}) is small: in this case, the passage
from (4) to (5) will make the reliability of the distribution
deteriorate. A typical case in which (10) fails is depicted
in Fig. 1: |A'| = |S’ — R'| is small but the normalized
structure factor of the heavy-atom structure has large
modulus so that (13) is not obeyed.

The passage from (4) to (5) can be performed without
loss of information if the heavy-atom structure is a priori
known. Since (see Fig. 1 again)

Ey)> =S +R? —2R'S' cos(¢; — ¥)),  (14)

we can integrate (12) over Vs, ¥, ¥, by constraining
them to satisfy (14). The final formula is

P(®IR,,...,R;, S\, ..., 8, |Eyls, ...
~ [27l,(A,)]"" exp(A, cos D),

»1Eyl7)
(15)

E4

Ep

Fig. 1 The vectorial relationship between E,, E; and Ej.
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Table 11. Statistical calculations for small-cross quartet
when in equation (16) the constraint (17) is used
(experimental data)

(a) APP
Positive quartets Negative quartets
[equation (10)] [equation (10)]
ARG NR % (|9°]) NR % (19°])
1.6 3301 705 69 3621 716 114
32 1423 741 66 1577 757 119
5.5 156 846 61 181 86.7 131
9.0 - - - 5 800 142
(b) CARP
Positive quartets Negative quartets
(GC2) (GCZ)
ARG NR % (|®°) NR % {|P°])
12 6529 69.2 68 6453 684 111
20 2274 731 64 2247 709 114
32 619 769 60 655 73.7 116
5.5 29 793 61 32 750 113
(c) E2
Positive quartets Negative quartets
[equation (16)] [equation (16)]
ARG NR % {|P°]) NR % (|P°])
02 9921 658 72 10079 65.6 108
04 2103 732 63 2224 748 118
0.8 80 925 7 78 872 127
(d) M-FABP
Positive quartets Negative quartets
[equation (16)] [equation (16)]
ARG NR % (|®°)) NR % {19°)
04 9916 554 83 10084 549 96
1.2 2000 584 80 1993 577 95
2.0 287 551 84 268 545 93
32 42 571 76 47 638 89
44 6 667 67 13 692 85
A, = [2418,454,/(1 + B0/ 931y
3/292
+103/05 " Vilens + eus + 7]l (16)
where

;1 3/22
B, = 3lo3/05 T (en18m260s + En3Enatns
+ ...+ en2Enstys),
2
ey = |Egil” — 1.

The efficiency of (16) may be deduced from Tables 3-6.
We note: (a) quartets estimated via (16) are as reliable as
triplets estimated via the GCZ formula; (b) (16) is a much
more efficient reliability parameter than (10) in all the
cases. In particular, while (10) fails for CARP, (16)
succeeds. We can conclude that the cosine sign of a
quartet depends on e&ys, €y, €y; rather than on
(L), (L), (L;). These last parameters are nothing but the
expected values of eys, €44, €47 In the absence of the
prior information on the heavy-atom structure. When
[Eysl, |[Eygl, |IEy4| are remarkably larger than | A|, | Agl,
| A%|, respectively, then the reliability parameter (10) will
suffer by a statistical bias and will fail. In order to
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confirm the above statement, we have calculated, for all
the quartets in Tables 3—6, the average values of |A;| and

|Ey;| for i =5,6,7. We obtain
for APP: {14y =0.08 (|E,|) =0.23
for CARP: 14"y =0.12  (|Ey|) =0.84
for E2: 14"y =0.13  (|E4l) =0.52
for M-FABP: {|A'|) =0.11 {|E4|) = 0.59.

The above data explain why, for APP, (10) works well
and why CARP quartet estimates via (10) are not useful.
When (16) is used, all the quartets for which

[04/031n + [03/05 *Thilens + &6 + 47l > 0

are expelled from the tables [indeed they are estimated
positive via (16)}, so contributing to the reliability of the
remaining small-cross quartets.

8. Check of the probabilistic formulas by real
diffraction data

The correctness of the quartet parameters (10) and (16) is
supported by the statistical calculations quoted in
Tables 3-6. However, their efficiency against lack of
isomorphism between native and derivative structures,
errors in experimental data and/or in their mathematical
treatment is not proved so far. In order to do that we
checked the formulas with real data. The outcome is
shown in Tables 7-10. Note the following.

(a) Errors in measurements and lack of isomorphism
strongly reduce the efficiency of the triplet estimates
(compare Tables 3—6 with Tables 7-10). The deteriora-
tion is quite remarkable for M-FABP and CARP, less for
APP and E2.

(b) Quartets are more sensitive than triplets to lack of
isomorphism and errors in measurements. There are two
main reasons for this. The first concerns the distorsion of
the cross magnitudes: if we calculate, for the quartets in
Tables 7-10, the average values of |A;| and |E,,] for
i=5,6,7, we have:

for APP: (14")) =0.15 {|E,}) =0.88
for CARP: (14") =0.15 {|Ey4|) =0.88
for E2: 14’y =0.13  {|E4]) =0.70
for M-FABP:  (|A']) =0.11 (|E,|) = 0.71.

If the above values are compared with those obtained for
calculated data, it is easily understood why the quartet
estimates via (10) are so poor for the experimental data.

The second reason concerns the so-called ‘inversion’
of A’: owing to lack of isomorphism, errors in
measurements, treatment of the data ezc., the experi-
mental sign of A’ is opposite to the calculated one (see
Giacovazzo, Siliqi & Spagna, 1994, for some statistics).
If v is the sign inversion frequency for the reflexions
among which the basis quartet reflexions and the triplet
reflexions are picked up, the inversion frequency for the

INTEGRATING DIRECT METHODS AND ISOMORPHOUS REPLACEMENT. II

Table 12. Values for parameters in equation (19)

Structure lo3/03 Ty lo3/03 ), lo5/03 1

code {[o;),/lo2)u} {0l el los/03 T
APP 4.39 0.10 0.24 x 1072
CARP 11.41 0.089 x 107! 0.70 x 1073
E2 0.52 0.36 x 1072 0.24 x 10~
M-FABP 7.78 0.44 x 107! 0.24 x 1073

triplet sign and for the quartet sign are approximately
given by

vr > v 4 3u(1 — v)?
vp = 4°(1 — v) + 41 — v)’,

respectively. For our test data, we found

for APP: v~0.07, vr=0.16, Vg = 0.22
for CARP: v>~045, v, =0.38, vy = 0.42
for E2: v>0.03, vy =0.07, v,=0.07
for M-FABP: v2>~0.13, vy =027, v, =0.34.

(c) The application of (10) to real data is never advised
in practise.

(d) The reability parameter (16) guarantees more
reliable estimates of the quartets even when (10)
completely fails.

So far, we have used the prior information on the
heavy-atom structure to modify (10) into (16). However,
we can introduce a supplementary condition into (16):
since |Aj| < |Ey;| by definition, we can apply the
following constraint to the basis magnitudes of the
quartets:

if |A) > |Eyl, then |All=|Eyl for i=1,...,4.

a7

Table 11 shows the quartet statistics for the four test
structures when (17) is applied. It is easily seen that the
supplementary constraints improve the efficiency of (16)
and make it suitable for practical applications.

9. Conclusions

Two probabilistic formulas have been obtained for
estimating quartet phases. The first exploits the seven
pairs of isomorphous reflexions (R;, S;), fori=1,...,7,
the second benefits from the prior knowledge of the
heavy-atom structure. While both formulas are reliable
for error-free data, only the second type is sufficiently
robust, against lack of isomorphism and experimental
errors, to be safely applied to real experimental data. The
theoretical reasons justifying such behaviour have been
described. The paper also analyses the rule of the quartet
invariants in a direct procedure aiming at phasing protein
reflexions via native and derivative data. Emphasis has
been given to the so-called small-cross quartets since
they provide information statistically independent of that
supplied by triplet invariants.
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APPENDIX A

According to the definition in the text,

4
Biosi = [Hl(l - O‘?)—]] {V12iV347 — V121V337%

— o ViV + -t VY o
— Vi2iV33i01 030

— Yi2iV34i%10203 — V1373301 %00

+ ViiV5ai0 0030}

[H(l ][‘73/ o

X {1-—014—013—0:%—(1%}

+ [f[l(l oy ][aa/ )07

(o2 — el — aded)

x {[03/03, + [03/03 ool /o], }
+ [ Ia - o)™ ][as/ 0y’l,0f

2.2

2
x {ofe} — afode) — afozes)

x {[03/03], + [03/03 " Tuloalil* o], }
+ [1:[(1 —a?)™ ]a Baded{lo;/03],
- [o;/a“],, A AR
— o ([as/ P 4 [oy/02 for /02
x {[oali? /sl Hed /(1 — )P
+ | Matra - aZ)] /o3 Bl o1} )

= o ([03/03 T + [03/03 L [03/03 "1y
x {[o:)s2 /10307 } + (03103 T {lon), /[o3)w})-
(18)

For the usual native-protein-heavy-atom

derivative,

pairs,

151
los/0 3/2]H {[02],, /lo2]u}
> [03/03 1, [03/05 *1ulloa)y* /o))
> [03/03°]:. (19)

The reader can find in Table 12 the values of the various
parameters in the inequality (19) calculated for the test
structures. Therefore, we can approximate (18) to

By = o2lo3/03 T {[o,),/[02)u }-

Since (see the main text)

(20)
= [03/07 1%,

B,,3,; may be neglected with respect to B js4;.
In an analogous way, it may be verified that

By =« i([o3/0 3% + o3 /o 3/2],7[03/03/2]11

x {[o2),” /o2’ })- (1)

In accordance with (19), B23% may be neglected when
A 1234i g
compared with B ;3.

B 1234i =
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